A generic daily time-step model of animal growth and metabolism for cattle and sheep is described. It includes total BW as well as protein, water, and fat components, and also energy components associated with the growth of protein and fat, and activity costs. Protein decay is also incorporated, along with the energy costs of resynthesising degraded protein. Protein weight is taken to be the primary indicator of metabolic state, and fat is regarded as a potential source of metabolic energy for physiological processes such as the resynthesis of degraded protein.
INTRODUCTION
Animal processes are modeled at different levels of complexity, ranging from detailed ruminant nutrition models to simple growth curve response (for a discussion, see Thornley and France, 2007) . Detailed models of rumen metabolism, although offering understanding of processes such as animal response to feed composition (e.g., Baldwin et al., 1987; Dijkstra et al., 1992; Dijkstra, 1994; Baldwin, 1995; Gerrits et al., 1997; Thornley and France, 2007) , may be too complex to be readily parameterized for different animal types and breeds, or to apply routinely in biophysical pasture simulation models. Similarly, describing animal growth directly with growth functions, such as the Gompertz equation, may give reliable description of experimental data, but this approach alone cannot be applied directly to conditions of variable available pasture. For a whole-system biophysical model, striking a balance among complexity, realism, and versatility allows the model to be applied quite readily to different animal breeds and respond dynamically to pasture availability and quality.
We describe an energy-driven model of animal growth and metabolism that was developed primarily for integration into biophysical pasture simulation models, such as the Hurley Pasture Model (Thornley, 1998) , the SGS Pasture Model (Johnson et al., 2003) , and DairyMod (Johnson et al., 2008) , although its use is not restricted to being applied in this way. The models have been applied extensively in Australia, New Zealand, the UK, and other locations to address questions such as the impacts of climate variability, drought, business risk, and climate change on pasture productivity.
METHODS
Animal Care and Use Committee approval was not obtained for this study because no animals were used.
Model Overview
The model describes animal growth and energy dynamics for cattle and sheep in response to available energy, and includes body protein, water, and fat. Model parameters have direct physiological interpretation, which facilitates prescribing parameter values to represent different animal species and breeds. Animal protein weight is taken to be the primary indicator of metabolic state, whereas fat is regarded as a potential source of metabolic energy for physiological processes, such as the resynthesis of degraded protein. The growth of protein is defi ned using a Gompertz equation, which is widely used in animal modelling for sigmoidal growth responses. This equation is described below. For more detail, see Thornley and France (2007) . Fat growth is secondary and depends on current protein weight, as well as maximum potential fat fraction of BW, which varies throughout the growth of the animal as defi ned by total BW. Protein is subject to turnover. Therefore, maintaining current protein reserves requires the resynthesis of degraded proteins. This maintenance, along with the energy required for activity, takes precedence over growth of new tissue. New growth of fat depends on current protein weight, as well as the maximum potential fat fraction of BW, with this maximum varying throughout the growth of the animal. Although the Gompertz equation could also be used to describe fat growth as done by Emmans (1997) , our approach allows the model to be adapted to respond to restricted energy intake by viewing fat as a stored source of energy. Therefore, body composition during growth and at maturity is determined by available energy with (as will be seen) reduced fat fraction generally occurring when energy is restricted. We have not incorporated the effect of diet protein composition or quality on body composition. Thus, growth and variation in body composition are determined by available energy. All model variables with units are listed in Table 1, and model parameters with suggested  default values are provided in Table 2 .
In the analysis below, energy costs associated with growth are calculated according to the standard approach, whereby if the energy content of body tissue is ε MJ kg -1 and the effi ciency of growth is Y, then the energy required per unit growth, E MJ kg -1 , is
[1]
The corresponding energy lost as heat during the synthesis of 1 kg due to respiration, R MJ kg -1 , is
where heat loss is accompanied by respiration of CO 2 . Energy contents and effi ciencies for protein and fat synthesis differ, with the same values used for cattle and sheep (Table 2) : their derivation is discussed later. With these values, it can be seen that the energy costs of syn- thesising 1 kg of protein excluding the costs of resynthesis of degraded protein and fat are 49.2 and 55.4 MJ kg -1 , respectively. However, because protein growth also is associated with accumulation of body water (as discussed later), increasing total BW by 1 kg with no actual fat growth requires substantially less energy. Therefore, it is important when discussing the energy cost of growth to be clear as to the composition of the growth. As the animal grows from birth to maturity, the fat composition generally increases and so the overall energy required per unit of total BW gain will increase, as found by Wright and Russell (1984) . Once potential protein and fat growth are known, as well as energy costs for the resynthesis of degraded protein and activity costs, the actual growth is calculated in relation to available energy intake. Under restricted intake, fat catabolism may occur to supply energy for other processes.
Body Composition During Growth
Denoting empty BW by W kg, and protein, water, and fat components by W P ,, W H and W F kg respectively, these are related by
[3]
The ash component of BW is not specifi cally included as it is generally a small proportion of the total and is proportional to protein (Williams, 2005) . It is assumed that water and protein weights are in direct proportion, so that Fox and Black (1984) for cattle and Lewis and Emmans (2007) for sheep. All other parameters have been selected to give general expected behavior of the model, as discussed in the text.
2 Body composition parameters defi ne body composition components of protein, water, and fat at birth and normal mature BW. Body composition parameters will vary among different animal types and breeds. Growth coeffi cients defi ne growth characteristics of protein and fat, degradation of protein, fat catabolism, and activity costs. Energy parameters are defi ned for the energy densities and effi ciencies of synthesis for protein and fat, and effi ciencies of protein degradation and fat catabolism. EBW refers to empty BW.
where is a dimensionless constant. Thus, Eq. [3] becomes
[5]
Protein is the primary component of growth with fat
kg fat (kg empty BW) -1 , Eq.
[5] and [6] can be combined to give the individual protein, water, and fat components as
Body fat fraction is generally seen to increase with BW associated fat growth, with the corresponding fat fraction at maturity denoted by f F,mat, norm . It is assumed that during growth, the normal fat fraction increases linearly so that
where f F,b is the fat fraction at birth, and subscripts mat and norm refer to mature and normal. Combining Eq.
[5] and [8] gives a quadratic equation for W F,norm as a function of W P , which is
which is solved in the standard way, with the physiologically valid solution being
[11] to give the normal fat weight, W F,norm , as a function of current protein weight, W P , the birth fat fraction, f F,b , and the normal mature fat fraction, f F,mat, norm .
For growth above normal, BW increases are entire-W mat,max , the protein weight is the same as that at normal mature BW, and hence
where f F,mat,norm -mum mature empty BW, W mat,max , which gives
for W mat,max in terms of the normal mature BW and corresponding prescribed fat fractions. (This means that W mat,max is a derived quantity and not a prescribed parameter.) With the default values for cattle and sheep 12% greater than the normal for cattle and sheep, re--mum fat component of empty BW to that during normal growth is taken to be constant, so that , , ,
water and fat components, in terms of the fat fractions
,max , respectively) in terms of the current protein weight (W P ) and normal mature weight (W mat,norm ).
Growth and Energy Dynamics
For potential protein growth, the net accumulation of protein, which includes protein synthesis and degradation, is
where
(1 e ) = exp
where W P,b is the initial, or birth, protein mass. The mature, or asymptotic, protein weight is
Although Eq.
[16] is an analytical solution for W P through time for potential growth, we shall consider convenient to write Eq. [15] for the protein growth rate as a rate-state equation so that it is independent of time. This is readily derived by eliminating the term e -Dt by using Eq. [16] giving
[19]
According to this formulation, the Gompertz equation for W P W P,mat , and parameter D, Eq. [18], which depends on the initial value W P,b μ. For more discussion of the Gompertz equation, see Thornley and France (2007) .
Using Eq.
[1], the daily energy cost (MJ d -1 ) associated with protein growth as given by Eq. [19] is
It is assumed that protein is subject to continual breakdown, with linear decay rate k P d -1 , so that the protein decay rate is
and the energy required to resynthesis this protein (MJ d -1 ) is
Also, it is assumed that not all energy is released to the animal metabolic energy pool during protein decay, but that some is lost as heat. Denoting this by
, during protein decay the energy returned to the energy pool is
and the remainder of the energy is lost as heat. 
which is referred to as the protein maintenance energy requirement. Now consider the growth of the fat component where it is assumed that
where k F,g , d -1 , is a fat growth parameter. According to this equation, fat growth approaches the current poten-W F,max ) asymptotically, with fat growth potential being directly related to current protein weight, W P , so that absolute potential fat growth increases as protein weight increases. We relate fat growth potential to protein weight because of the assumption that metaThe energy required for fat growth,
associated with animal physical activity, which is assumed to be given by [28]
Eq.
[25] for the potential fat growth rate allows body fat
with E F,g,max,req E F,g,req .
[32]
Finally, the energy required for normal growth is
E req,max = E P,g,req + E maint,req + E F,g,max,req .
[34]
Model Solution in Relation to Available Energy
protein, the associated water and fat, and the corresponding energy costs. In practice, growth is dictated by available energy, and the present theory is now applied to this more required for prescribed protein and fat growth rates, but they energy, that is,
[36]
Forward differences with a daily time-step are used to calculate protein and fat components on day t (d) to their values and growth rates on day t-1 according to 
where t is the time-step with t = 1 d.
[38]
We now address 3 sets of circumstances where the available intake energy, E in (MJ d -1 for normal growth, is less than or equal to that for normal than maintenance requirements.
E in Exceeds Requirements for Normal Growth. If the available energy from intake, E in normal growth, then
[39]
Protein growth and all maintenance costs are met, with any remaining energy being used for fat growth, so that
with E P,g and E F,g being used in Eq. and it is assumed that maintenance costs are met with the remainder of the available energy being fat and protein growth, so that growth is reduced. The energy available for growth is partitioned between protein and fat on a pro rata basis according to requirement, so that Growth model for cattle and sheep 4747 ( ) Y F,d , the ME available from fat catabolism is
[45]
The actual daily fat catabolism is now
--tial satisfaction of maintenance requirements.
According to this approach, if available energy from intake and fat catabolism does not meet maintenance requirements there will be a reduction in protein weight and less activity. The reduction in activity is consistent with reduced grazing. Note that fat catabolism does not occur to support new protein growth, only the mainte-
Parameter Values
The model requires 3 broad categories of parameter -gy parameters. These characterizations are used in Table  2 . Body composition (such as normal mature BW and fat sheep) and breeds and we have chosen typical values. We now discuss the basis for the choice of parameter values in the simulations that follow, although these may differ between animal types and breeds. All parameters have a direct physiological interpretation which allows them to be derived from basic information relating to animal growth and metabolism.
The energy density values are taken directly from Emmans (1997), and are 23.6 and 39.3 MJ kg for protein parameter values given in that paper. For protein, these are the energy for catabolism, 5.63 MJ (kg protein) -1 , heat loss associated with protein synthesis and urine production, 35.5 MJ (kg protein) -1 and 4.67 MJ (kg N) -1 , respectively, which give the energy for protein retention as 48.8 MJ (kg protein) -1 the heat loss associated with fat production is 39.3 MJ (kg fat) -1 so that the energy for fat retention is 55.7 MJ (kg fat) -1 parameters (Table 2 ) are assumed to be constant for animal types and breeds. namely, μ, k F,d , k P of these parameters directly affect the rate of BW gain and -rameter values used here, along with the birth and mature body composition parameters, were selected to give similar body composition during growth as the data summarized protein synthesis to protein accretion is greater in cattle than sheep (Bergen, 2008) , which implies that the protein degradation rate, k P , is greater in sheep than in cattle. Suggested values are 2.3% d -1 and 3% d -1 for cattle and sheep respectively, which give protein maintenance costs in mature animals of 67 and 8.4 MJ d -1 for cattle and sheep at 600 kg and 60 kg empty BW (EBW), respectively. These values are in broad agreement with estimated costs from feeding standards calculations (e.g., SCA, 1990) , although it should be noted that our estimates are based on protein mass, and so depend on both body mass and protein fraction. and the value 0.025 MJ kg -1 d -1 is used here for both cattle and sheep, so that activity costs of mature animals are approximately 75% of total energy requirements. These values are in broad agreement with the empirical response curves in the Australian Feeding Standards (SCA, 1990) .
RESULTS
The fi rst set of illustrations consider growth and body composition for cattle and sheep under maximum growth conditions, which allows us to compare the model results with observations summarised by Fox and Black (1984) for cattle and Lewis and Emmans (2007) for sheep. In these papers, the authors collated experimental data and summarized relationships between body components with fi tted empirical curves. Summarizing large amounts of experimental data in this way is one of the primary applications of empirical models, as discussed by Thornley and France (2007) . As mentioned in the previous section, we have selected the body composition and growth parameters based on these empirical responses, although we have not used the specifi c mathematical formulation of those responses in the present model structure. Figure 1 shows total EBW growth, as well as protein, water, and fat components for sheep and cattle. It should be noted that Fox and Black (1984) fi tted polynomial curves for protein, water, and fat as functions of total weight, whereas Lewis and Emmans (2007) related water and fat to protein by using allometric equations. Consequently, the fi gures show the fi tted curves for each body component for cattle, but only water and fat for sheep. It can be seen from these fi gures that there is virtually complete agreement between the present model and the curves that have been fi tted to data, to the extent that the dashed lines representing the data are largely obscured by the model responses. Apart from this agreement, the general shapes of the responses are consistent with expected characteristics.
The energy dynamics for cattle and sheep, corresponding to the growth characteristics in Figure 1 , are illustrated in Figure 2 . It can be seen that energy requirement for protein growth peaks earlier than that for fat growth, but as the requirements for protein growth decline the cost of protein maintenance increases and reaches a greater value than the peak cost for new protein growth. In addition, maximum energy requirement occurs before the animal reaches its maximum BW. Energy costs for the resynthesis of degraded protein are considerably greater than activity costs, although this behavior depends on the choice of parameters for the protein degradation rate k P and activity costs, α act . One characteristic difference apparent from Figure 2 is that the relative amount of energy required for maintenance is greater in cattle than sheep.
It is instructive to look at energy dynamics in relation to BW as well as through time. The responses for growth, maintenance, and total energy required, corresponding to Fox and Black (1984) for cattle and Lewis and Emmans (2007) for sheep. Fox and Black reported protein, water, and fat as functions of BW, but Lewis and Emmans (2007) Figure 3 . There is a nonlinear relationship between the energy required for maintenance and total empty BW, which is often characterized by an empirical allometric response. Although not shown here, this response is very similar to the BW raised to the power between 0.73 and 0.75, which is widely used in feed evaluation systems and simulation models (ARC, 1981; Finlayson et al., 1995; National Research Council, 2001 ).
The analysis so far has considered growth under optimal conditions of nonlimiting intake as defi ned by E req , Eq.
[34], and we now consider the situation where intake does not satisfy maximum demand. It may be neither desirable nor practical for animals to grow to their absolute maximum, due to restricted feed or the fact that maximum body fat may only be achieved through supplementary feeding. The illustrations in Figure 4 show animal growth with energy intake at maintenance plus 100, 90, 80, and 70% of potential growth (protein and fat) energy requirement during animal growth, as given by Eq. [33] . The results are as expected, with growth being reduced under restricted intake. For example, the time to reach half mature BW at full intake is 270 d for cattle and 70 d for sheep, whereas with 70% intake requirement it is 342 and 99 d, which correspond to increases of 27 and 41%, respectively.
Animal growth rate and that of individual components vary through time and also in response to relative intake. This is illustrated in Figure 5 for both cattle and sheep, corresponding to the growth dynamics in Figure 4 , where the general pattern of the growth rate is consistent with sigmoidal growth. It can be seen that growth rates of all components are reduced as intake declines, and that the time for peak growth rate is delayed, most noticeably for the fat component.
The simulations in Figures 4 and 5 are for animals under feeding regimes that provide full maintenance plus a fi xed proportion of growth requirements. These illustrations are important as a means of examining the performance of the model but, in practice, the intake is likely to vary in response to both pasture quality and availability, as well as management. The model can be applied directly to any feeding regime and can respond to varying pasture availability. As a simple example, the above simulations are repeated but with intake taken to be full maintenance plus a proportion of growth requirement that varies randomly between 70% and 100% of normal growth requirement, so that it fi ts somewhere between the illustrations shown in Figures 4 and 5. This could apply, for example, to situations where supplementary feeding is provided to ensure intake meets a required minimum. The results for EBW, W, and energy requirements are shown in Figure 6 where it can be seen that, as expected, W lies between the 2 fi xed regimens. Also, although there are fl uctuations in energy supply, the actual growth curves for W are quite smooth, demonstrating that BW growth is buffered in relation to moderate fl uctuations in intake.
One characteristic of the simulations illustrated in Figures 4 , 5, and 6 for growing animals is that there was no fat catabolism because, according to these feeding strategies, maintenance costs are always met. In practice, intake will vary and, particularly when animals are close to maturity, there may be some fat loss to satisfy energy requirements. To explore this, the fi nal set of illustrations considers mature animals with intake reduced from mature maintenance requirement. The above analysis applies without modifi cation, although for animals at their mature optimum BW, there will be no energy requirements for growth. Consequently, for a mature animal that has less than its optimum protein or fat composition, intake requirement may be greater than for the equivalent animal at optimum BW because there is a growth energy requirement, notwithstanding the fact that activity costs will fall slightly as an animal loses BW. In these next illustrations, that consider the effect of restricted intake on mature animals, intake is prescribed as fractions of the mature maintenance requirement at optimum fat composition.
The total EBW, as well as the protein, water, and fat components, are shown in Figure 7 for animals receiving 90, 80, and 70% of mature maintenance requirement. It can be seen that in all cases the weight components fall as expected. However, note that fat decline is virtually identical for the 80 and 70% regimens, which is due to fat catabolism occurring at the maximum rate (Eq. [45] ). Consequently, the protein weight decline is more rapid for the 70% regimen. (The changes in protein weight may be diffi cult to detect in this fi gure due to the relative size of this pool, although it should be noted that the fractional decline in protein is identical to that for water because these components are in direct proportion, Eq. [4]).
DISCUSSION
We have described a daily time-step model of animal growth and metabolism. The model is generic and has been applied to sheep and cattle, although it can be used for other animal types by changing the basic parameters. The model describes body composition in terms of protein, fat, and water. Protein growth is seen as the primary indicator of metabolic status, with the role of fat being as a store of energy reserves. The parameters to be prescribed fall into 3 categories. Animal BW characteristics are defi ned in terms of birth and normal mature weights (W b and W max,norm , respectively), fat fractions at birth, normal mature weight, and maximum mature weight (f F,b , f F,mat,norm , f F,mat,max ) , and the water to protein ratio (λ). Growth dynamics are defi ned through the Gompertz growth coeffi cient (μ), protein degradation coeffi cient (k P ), fat growth and degradation coeffi cients (k F,g , k F,d ) and activity energy coeffi cient (α act ). Finally, energy dynamics include energy densities for protein and fat (ε P , ε F ), their effi ciencies of synthesis (Y P , Y F ), and their effi ciencies of degradation (Y P,d , Y F , d ). The fi rst group of parameters defi nes the general BW characteristics of the animal, the second its growth characteristics and the energy parameters are the third group which are assumed to be constants that apply to all animal types. All model variables and parameters are listed in the tables with suggested default parameter values. An important feature of the model is that each parameter has a direct physiological interpretation which facilitates adapting the model to different animal types and breeds. We have derived suggested parameter values from a range of sources rather than attempting to fi t the model to a specifi c data set, which is consistent with the approach discussed by Hopkins and Leipold (1996) . Part of our aim has been to design the model for use in biophysical pasture simulation models that integrate the interactions between the animal, pasture, soil water and nutrients, such as DairyMod (Johnson et al., 2008) and the SGS Pasture Model (Johnson et al., 2003) . The structure of these models provides users with an interface that gives them direct access to meaningful parameters which can be prescribed to represent different animal species and breeds. Although our treatment of animal growth and metabolism is relatively simple, we have focused on the key underlying processes of protein and fat growth, along with maintenance of protein in relation to resynthesis of degraded protein, and costs of animal activity. The model does not include effects of diet quality, and so it is assumed that once protein growth has been determined in relation to available energy, that growth is not restricted by the protein concentration in the diet. This will be applicable in many situations, such as sheep or cattle grazing fertilized perennial ryegrass swards or swards with a legume present. We have presented simulations for growing and mature animals under a range of feeding levels and the model behavior is physiologically realistic. For example, for growing animals under limited intake, growth slows and fat fraction of BW falls; whereas for mature animals, fat catabolism occurs to support protein maintenance.
Other models at various levels of complexity have been described in the literature ranging from a detailed treatment of physiology, such as Baldwin et al. (1987) , Dijkstra et al. (1992) , Dijkstra (1994) , Baldwin (1995) , Gerrits et al. (1997) , and Thornley and France (2007) , to simpler whole animal approaches such as Oltjen et al. (1986) , Finlayson et al. (1995) , Emmans (1997) , Freer et al. (1997) , and Graux et al. (2011) . The present model differs from these in its relatively simple structure and ease of parameterization, its fl exible treatment of variation in animal body composition, and the avoidance of the use of empirical response functions for individual metabolic processes.
A central feature of the model is that protein growth is defi ned using a Gompertz equation, which is written as a rate-state equation so that protein growth rate is a function of protein weight rather than time. This is then inverted to calculate the actual protein growth in relation to available energy, which allows the model to respond dynamically to available energy intake. Fat growth is related to protein, refl ecting the fact that protein is the primary indicator of metabolic state. Protein is subject to continual decay and the resynthesis of degraded protein is termed protein maintenance. Thus, for growing animals, energy is required for protein maintenance and growth, fat growth, and activity energy. If there is insuffi cient energy to meet the metabolic demands of the protein maintenance and activity, then fat can be catabolized as an additional source of energy.
Empirical curves describing body composition are often used to summarize the data, and we have used curves given by Fox and Black (1984) for cattle and Lewis and Emmans (2007) for sheep to compare model behavior with experimental observations. (It should be emphasized that the mathematical curves are used as summaries of experimental data and are not part of the present model formulation.) By defi ning appropriate birth and mature BW and compositions, as well as growth parameters, the model gives almost complete agreement with the observations and displays generally expected characteristics of animal growth and metabolism.
Apart from BW and composition parameters, only 3 growth parameters are changed for the cattle and sheep simulations, which are the Gompertz coeffi cient and a single coeffi cient for each of protein and fat growth. These are μ, k F,g , and k P , in Eq.
[15], [25], and [21] . With a basic knowledge of animal body composition under normal growth conditions, such as normal mature BW and fat fraction, and growth characteristics, it is quite straightforward to apply the model to different breeds of cattle or sheep. In the illustrations we have presented here, effi ciencies for the synthesis of fat and protein and their energy densities have been taken to be constant for sheep and cattle. Although this can be expected to be true for the densities, it is possible that effi ciencies differ slightly among animal types and breeds.
The model is versatile and robust, and directly applicable to variable energy supply. It has the potential to be integrated into biophysical pasture simulation models that require a mechanistic treatment of the interactions among the grazing animal, pasture, and soil nutrients, and for detailed analysis of the growth and energy dynamics of animals during growth or at maturity in response to available energy.
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